The effects on magnetic-field-line structure of adding various static transverse magnetic fields to a Solov'ev-equilibrium field-reversed configuration is examined. It is shown that adding fields that are anti-symmetric about the axial mid-plane maintains the closed field-line structure, while adding fields with planar or helical symmetry opens the field structure. Anti-symmetric modes also introduce pronounced shear.
I. Introduction
Magnetic field lines are closed. Where closure occurs is of importance to many physical phenomena in solar, planetary, and fusion plasma physics. It is well known that a magnetic-field geometry may be markedly changed by the application of small additional magnetic fields. In this article we concentrate on the effects of small, primarily transverse magnetic fields added to a particular magnetic-field geometry, the fieldreversed configuration (FRC). 1 Our interest in this device is based on its relevance to fusion research. The goal is to find generic properties of transverse fields that do not significantly change the FRC's closed field structure.
The FRC is an example of a self-organized plasma wherein a strong internal toroidal current, in combination with the axial magnetic field from a linear solenoidal coil, generates a closed poloidal magnetic-field structure inside the solenoid, see developed in rotamak devices. 3 However, the purely geometrical analysis presented here, the essential first step in examining field closedness, is restricted to temporally constant magnetic fields. Time variation of the transverse field is only explicitly included when ascribing field-line identity. Particle and energy confinement, clearly connected to fieldline closedness, cannot be properly addressed by this analysis. They require a selfconsistent many-particle treatment, not a purely geometrical one.
In small experiments (such as Ref.
2), the RMF method has been successful in generating and sustaining plasmas, as well as driving currents and reversing the axial field. Larger experiments, 4 at higher power, are in progress. These may produce higher temperature plasmas, far more susceptible to particle and energy losses on open field lines. This possibility strongly motivates the present field-line closure analysis.
The study of field-line closure for FRC-like plasmas with transverse applied fields has a long history. First in planetary sciences 5 and then in fusion research, 6, 7 it was appreciated that opening of some field lines resulted from the addition of a uniform transverse field to FRC-like configurations. A later paper 8 on the rotamak showed that the standard RMF mode caused a shift and tilt of the flux surfaces. Subsequent rigorous analyses 9, 10 showed that all field lines actually opened. Even when a very small uniform transverse field was added, initially closed field lines unwound in spirals, eventually intersecting the device's boundaries.
In this paper we show that a particular small-amplitude transverse-field shape globally preserves the closedness of the field lines. By "globally preserves" we mean that a well-defined separatrix is maintained and that all field lines interior to the separatrix, save that through the X points, are closed inside the separatrix. These closednesspreserving (CP) transverse-field modes appear to be suitable for current drive and for more speculative applications, such as ion heating 11 and FRC stabilization. 12 Analyses of these are in progress.
In Section II we present a rigorous graphical proof showing CP for a particular anti-symmetric transverse mode (labeled the l -= 1 for reasons that will become clear).
The results are then generalized to other transverse modes including the closuredestroying standard RMF mode, the l + = 0. Field-line graphs, created by numerical integration with a predictor-corrector code, illustrate these analyses in Section III. Select results of Ref. 9 and 10 are duplicated for a Solov'ev equilibrium, 13 confirming that field line opening is the result of the l + = 0 commonly used in rotamak experiments. The numerical code is then used to corroborate the graphical proof for CP of the l -= 1 mode.
Novel shapes of the net field are seen which may be important to stability.
II. Examination of field-line closure by a graphical technique
For the graphical proof, we analyze the addition of a particular static, antisymmetric, (predominantly) transverse magnetic field, B T-, to a Solov'ev-equilibrium FRC whose major axis is along the z-axis. The selected magnetic field, shown in Figure   2 , could be created by currents in 5 pairs of parallel wires, oriented perpendicular to the z and y axes of the FRC, see Figure 3 . Being a vacuum field, ÑxB = 0. This field is described by the equation,
where e y and e z are unit vectors in the y and z directions respectively, B t and B p are For the following analysis we call the mode number l -= 1, even though the nodes of f -fall on the z extrema of the closed field lines being considered, not on the separatrix.
(Perhaps more precisely, the mode should be called l -» 1.) The numerical calculations described in Section III were done with the B field shown in Figure 2 , not the Sin approximation.
Our goal is to show that the l -= 1 mode preserves closedness. A sufficient condition to be CP will be noted later. This argument will show why the standard To first order, the result is a tilt of the flux surface out of the original plane, see Figure   5a ). By anti-symmetry, the flux surface remains closed. Figures 5b), 5c), and 5d) show the components of the FRC field, B s , and the added field at two points, e and e', as well as the mirror-reflected components at e' for mapping in the CW direction. Numerical integration will show that the change in flux surface shape is more than a simple tilt: the nested, tilted, flux-surface structure develops curvature and shear, which may be important to stability.
To Transverse modes with helical symmetry are also of interest since they have already been used successfully in current-drive experiments. 15 For helical coils with a small pitch angle, k z L << 1, the transverse part of the helical modes can be approximated
While the B y component remains anti-symmetric about z = z o , the B x component is now non-zero and symmetric about z = z o . Field line opening will occur. Our numerical integration has confirmed this.
III. Numerical modeling of field-line structure
The numerical model is a predictor/corrector code that graphs (in both directions from a starting point) magnetic field lines defined by a Solov'ev equilibrium with different added fields. The Solov'ev equilibrium 13 can be described by a flux function, Y,
where r s is the separatrix radius at z = 0, z s is the X-point position, and K is a constant related to the field strength. The Solov'ev fields are B r = -2 K r z/z s 2 and (4a)
The equilibrium used for illustrations in this paper has z 0 = 0, z s = 2, r s = 0.7, and K = 0.5, corresponding to a prolate FRC with a magnetic field at the separatrix midplane of amplitude B z (r s ,0) = 1.
A Solov'ev FRC field structure is shown approximately in Figure 1 . We now demonstrate the effect on the field-line structure of the addition of a small (B T = 0.005), uniform, symmetric (l + = 0) transverse field in the e y direction, see Figure 7a ). This transverse field has the same shape as studied in Ref. We now consider the anti-symmetric mode proven earlier to be CP. Figure 8a) shows the effects on flux surfaces in the y-z plane of the field shown in Figure 2 
where a = 1 for (r 0 -r n ) and a = 1/2 for z n . Instead the X points migrate up into the positive z-y plane. At an amplitude of ~ 0.11, the X points meet at the axial midplane.
IV. Summary
In summary, it has been found that a magnetic field that is anti-symmetric about the axial mid-plane can be added to a Solov'ev FRC and maintain its closed field-line structure. This is in stark contrast to earlier work (Refs. 5, 7, 9, and 10) in which the addition of a symmetric transverse field always opened all the field lines. These results could be very important for the RMF current-drive concept if new experiments show the opening of the FRC field lines to be detrimental, particularly for electron thermal losses.
Small perturbations to either the FRC field or the transverse field can destroy the antisymmetry. If the resulting symmetric components are small, the field line length is very long before it intersects a boundary, which may ameliorate particle and energy losses. 
10.
For an anti-symmetric, l -= 1 mode with B y = 0.07, a 3D -projection of magnetic flux surfaces, initialized with a small x value (0.001), to move them out of the y -z plane. As some magnetic field lines spiral in to one of the nulls, they lift out of the plane, move toroidally around the FRC, over to the other null, before spiraling back out and closing on themselves. 
